Abstract: We present a systematic framework for noncommutative (NC) QFT within the new concept of relativistic invariance based on the notion of twisted Poincaré symmetry (with all 10 generators), as proposed in ref. [7] . This allows to formulate and investigate all fundamental issues of relativistic QFT and offers a firm frame for the classification of particles according to the representation theory of the twisted Poincaré symmetry and as a result for the NC versions of CPT and spin-statistics theorems, among others, discussed earlier in the literature. As a further application of this new concept of relativism we prove the NC analog of Haag's theorem.
Introduction
The idea that coordinates may not commute can be traced back to Heisenberg. For an early reference on field theory in a noncommutative space-time, see [1] . The noncommutative (NC) QFT in Moyal space-time was formulated in [2] . Within this approach the fields are functions of NC coordinatesx µ , µ = 0, 1, 2, 3, satisfying the commutation relations
This type of theory emerges also as a low energy limit of the string theory in a particular background, [3] . It is well-known that if there is space-time noncommutativity, i.e. some of θ 0i = 0, i = 1, 2, 3, the resulting theory violates causality and unitarity [4] , [5] . Therefore, we shall consider only space-space noncommutativity with a choice of space coordinates such that relativistic QFT are applied in (0,3)-Minkowski plane, whereas the role of NC coordinatesx 1 andx 2 is strongly suppressed. This enables to investigate some general aspects which can be adapted to the residual space-time symmetry.
However, this approach cannot be considered to be satisfactory: (i) There are no obvious reasons why the full relativistic symmetry should emerge in the commutative limit θ → 0, and (ii) there is no natural way how to introduce the spin and the classification of particles.
Recently, in [7] was proposed an alternative interpretation of commutation relations (1) . Using the notion of twisted Poincaré symmetry (with all ten generators P µ and M µν ) the interpretation of (1) prove the spin-statistics theorem in [8] in Lagrangian formulation and in [9] within the axiomatic approach.
The main aim of this paper is to present a consistent frame for NC QFT with the relativistic invariance realized in terms of the twisted Poincaré symmetry proposed previously and to apply the developed techniques to the investigation and proof of the Haag theorem [10] , with the statement: If a field at a certain time is related to a free one by a unitary transformation, as is the case in the interaction picture, then the field is inevitably free. This theorem concerns deep mathematical subtleties of systems possessing an infinite number of degrees of freedom, as is the case of QFT. It is an ultimate question to understand its background and nature also in the framework of NC QFT. Since the latter theories are nonlocal, one might think that the analog of Hagg's theorem may no more be valid due to the nature of NC field theories: while interacting fields are nonlocal, the free fields are local.
In Section 2 we shall first present the basic notions defining the twisted Poincaré symmetry, and then we perform the twist deformation of the QFT operator algebra generated by powers of quantum fields. Section 3 is devoted to the proof of Haag's theorem in the twisted Poincaré symmetry approach.
Section 4 contains the concluding remarks.
Twisted NC QFT
Twisted Poincaré symmetry. First we briefly describe the twisted Poincaré
Hopf-algebra U t (P) proposed recently in [7] (for basic notions see [11] ):
(a) The usual Poincaré algebra P is spanned by the generators of translations P µ and Lorentz transformations M µν = −M νµ , µ, ν = 0, 1, 2, 3, satisfying the usual commutation relations. Its enveloping algebra U(P) is a so called trivial Hopf-algebra with the co-product ∆(X) = X ⊗ 1 + 1 ⊗ X.
(b) An essential object for us is the twisted Poincaré Hopf-algebra U t (P).
In U t (P) the co-product is defined by ∆ t (X) = F ∆(X)F −1 with the twist given as
Using θ µ ρ = η µσ θ σρ , equation (2) implies (see [7] , [12] ):
The antipode (the reverse) and co-unit are defined in U(P) and U t (P) in the standard way; we shall not need them explicitly.
Having the representation of a Hopf-algebra in an associative algebraÂ compatible with the co-product (Leibniz rule), the multiplication m(â ⊗b) ≡ ab inÂ has to be changed after a twisting according to (2) . In our particular case the twisted multiplication (⋆-product) reads [7] :
whereP µ is the representation of P µ inÂ, and similarlyM µν denotes the representation of M µν .
Algebra of quantum fields. Below we shall apply this abstract concept to the algebraÂ of operators in QFT Hilbert space H generated by products of fieldsφ(x 1 ) . . .φ(x n ), where x 1 , . . . , x n , are space-time points in the Minkowski space M.
We shall assume that H carries a unitary representation of Poincaré algebra P with self-adjoint generatorsP µ andM µν . As usual we assume that P µ has the spectrum V + = {p µ ; p 0 ≥ | p|}. Furthermore, we assume that there is a unique P-invariant vacuum state |0 ∈ H:P µ |0 =M µν |0 = 0, and that |0 is a cyclic vector in Hilbert space, i.e. H is spanned by vectorŝ
The operatorsP µ andM µν act on fields in a standard way:
We extend this action via commutators to any product of fields. For example, the Lorentz generatorM ω = 1 2 ω µνM µν , ω µν = −ω νµ , acts on the product φ (x)φ(y) as follows:
Equipped with this action, the algebraÂ carries a representation of the trivial Hopf algebra U(P).
Deforming now the algebraÂ by the twist (2), we arrive at the field operator algebraÂ ⋆ carrying the representation of U t (P) with the twisted operator product specified by (4) and (5):
We would like to stress that although (7) looks like a Moyal product, there has been no noncommutativity of coordinates used. The ⋆-product is inherited from the twist of the operator product of quantum fields.
Locality condition. The locality condition is an independent axiom. It is the only place where the twist explicitly influences the field axioms, since at this point we are dealing with the products of fields.
Let us now investigate the transformation properties of star-product of (5) it follows that the corresponding action of the Lorentz generator is given by:
In spite of the θ-corrections in the last line, the operators M t ω satisfy the Lorentz algebra commutation relations:
This follows from the equation
which simply reflects the fact that the twist in question influences the coproduct but not the basic algebraic structure itself.
Thus, we can exponentiate the action of Lorentz generators in a standard way, and obviously this is valid for translations too. In the Appendix it is shown that this guarantees the twisted Poincaré covariance of the ⋆-product of fields:
where x ′ = Λx+a and y ′ = Λy+a are the accordingly transformed space-time points. We stress that θ µν is a twisted Poincaré invariant tensor:
This is natural and in full agreement with [7] .
The covariance property (10) dictates the relativistic form of locality condition among ⋆-products of fields. We postulate it in the simplest form:
Note: In [13] was discussed, within NC context, a weaker locality condition in the form
with l 2 ≈ |θ|. In [14] it was proven that in a field theory satisfying translational invariance and spectral condition p ∈ V + , the locality condition (12) implies (11) . In our case, these requirements are indeed satisfied, thus supporting the use of the form (11) for the locality axiom.
Haag's theorem
Wightman functions. The NC Wightman functions are defined as the vacuum expectation values of multiple ⋆-products of fields [9] :
where W (x 1 , . . . , x n ) = 0|φ(x 1 ) . . .φ(x n )|0 . Due to translational invariance, the θ-dependent exponent in (13) can be omitted for the 2-point NC Wightman function: W ⋆ (x, y) = W (x, y) = W(x − y). However, it cannot be omitted for the higher NC Wightman functions.
The NC Wightman functions defined above satisfy the twisted Poincaré covariance condition and the twisted Poincaré locality condition:
together with the usual positivity axiom (the positivity of the norm in H).
This enables to formulate and discuss various fundamental NC QFT theorems along the lines similar to the standard ones. The approach based on twisted Poincaré symmetry can offer a firm foundation for the proofs of NC analogs of the CPT theorem and spin-statistics theorem in the axiomatic approach.
Haag's theorem. As an interesting application of the twisted Poincaré formalism we prove the Haag theorem. The theorem was originally formulated in [10] ; its variations and extensions were presented in [15] (for a detailed discussion, see [16] ). Below we briefly discuss a sequence of theorems leading, in the twisted Poincaré context, to the Haag theorem. The first theorem we need can be formulated as follows: 
Then the interaction current vanish:
theory is free.
Proof: The first part of the proof is identical to the usual one [15] .
Considering an arbitrary test function F (x) we shall prove that the state
Since F (x) is arbitrary, the currentĴ(x) annihilates the vacuum state:Ĵ(x)|0 = 0.
The nontrivial part of the theorem is based on the existence of NC analogs of Jost-points for the Wightman functions W ⋆ (x 1 , . . . , x n−1 , x n ) = 0|φ(x 1 ) ⋆ . . .⋆φ(x n−1 ) ⋆φ(x n )|0 which are boundary values of a holomorphic function W ⋆ (z 1 , . . . , z n−1 , z n ) of complex variables z 1 , . . . , z n−1 , z n in a proper domain (the extended tube) containing real Jost points (r 1 , . . . , r n−1 , r n ), satisfying (r k − r l ) 2 < 0, for all k > l. Due to the locality condition (14), we can permute the fields evaluated at Jost points: W ⋆ (r 1 , . . . , r n−1 , r n ) = W ⋆ (r 1 , . . . , r n , . . . , r n−1 ). Performing now in this equation the analytical continuation back to x 1 . . . , x n−1 , x n , and acting by (∂ 2 xn + m 2 ) we obtain:
SinceĴ(x)|0 = 0, the l.h.s. of (16) is zero. The r.h.s. represents, due to the completeness axiom, an arbitrary matrix element of the interaction current.
Consequently,Ĵ(x) = 0, i.e. the theory is free.
To prove the Haag theorem we need a simple theorem dealing with fixed time fields. Its formulation and proof is similar to the usual one (see [16] ). 
We assume that: (i) The representations possess unique invariant vacuum
states |0 j : U j ( a, R) |0 j = |0 j , j = 1, 2, and (ii) there exists a unitary
Note:
The group E(3) is a subgroup of the Poincaré group generated by rotations and translations in R 3 . This induces the representation of the twisted Euclidean Hopf-algebra by twist (2) in the operator algebra generated by field operators at the fixed time t. It is a Hopf subalgebra ofÂ ⋆ -this is the place where the conditions θ 0i = 0, i = 1, 2, 3, become essential.
Corollary: The equal time vacuum expectation values of both theories This proves the covariance relation (10) for infinitesimal Lorentz transformation. For a finite transformation, (10) is recovered by a usual exponentiation. The inclusion of translations is trivial. We point out that the covariance relation can be extended to multiple products of field.
